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Abstract: Parasitic inductance in printed circuit board 
geometries can worsen the EM1 performance and signal 
integrity of high-speed digital designs. Partial-inductance 
theory is a powerful tool for analyzing inductance issues 
in signal integrity. However, partial inductances may not 
adequately model magnetic flux coupling to EM1 anten- 
nas because the EM1 antennas are typically open loops. 
Therefore, partial inductances may not always accurately 
predict radiated EM1 from noise sources, unless used in 
a full-wave analysis such as PEEC. Partial inductances 
can be used, however, to estimate branch inductances, 
which can be used to predict EMI. This paper presents 
a method for decomposing loop or self inductances into 
branch inductances. Experimental as well as analytical 
investigations are used to compare branch- and partial- 
inductances. 
I. INTRODUCTION 
Equivalent circuits that  effectively model the physics of 
EM1 issues are desirable for EM1 estimation at the design 
stage. Inductance may be decomposed into smaller pieces 
associated with the various conductors in a loop, the 
sum of which equals the total loop inductance. Partial- 
inductance theory has been successfully applied to ana- 
lyze structures for signal integrity purposes. Magnetic- 
field coupling between traces and between pins in a high- 
density IC package, among others, have been analyzed 
using partial-inductance or partial-element theory [l], [2]. 
A method for decomposing loop inductance in a fash- 
ion that is useful for predicting EM1 is presented herein. 
The decomposed inductance elements are called branch 
inductances. The branch inductance of a conductor mod- 
els the magnetic flux that penetrates a conducting loop, 
and couples an EM1 antenna. The branch inductance can 
then be used to model the resulting effective noise volt- 
age that drives an EM1 antenna. The branch-inductance 
model is presented herein, and compared with the partial- 
inductance theory. Two examples are investigated that 
demonstrate the difficulties in predicting EM1 with par- 
tial inductances, and the advantage of branch induc- 
tances. 
11. CONCEPTS 
The inductance of a conducting loop can be decom- 
posed into parts that sum to the total loop inductance. 
In general, the decomposition is not unique. Partial- 
inductance theory was developed as a method for ana- 
lyzing signal-integrity issues [3], [4], [5]. The formulation 
was extended into the Partial-Element Equivalent-Circuit 
(PEEC) method, which may be used to yield a full- 
wave equivalent-circuit model (61. Loop inductance can 
also be decomposed into branch inductances, which are, 
in general, different from partial inductances. Branch- 
inductances are useful for determining the effects of EM1 
noise sources resulting from magnetic-field coupling. 
Total inductance may be defined as the ratio of the mag- 
netic flux that penetrates a loop to the current generating 
the magnetic flux as 
The magnetic vec_tor-potentiaf d; is related to the mag- 
netic field H by H = k V  x A. Employing Stokes’s the- 
orem, the flux integral can be written in terms of a line 
integral, 
q I  1 - -  1 
1 1  I .  
Lloop = - = - /[ V x A . ds = - / d; . i l .  (2) 
.. 
S l o o p  c 
A .  Partial Inductance 
Partial-inductance theory has been well documented [4], 
[SI, [6], and is briefly reviewed here for completeness. The 
partial inductance of the i t h  segment may be defined as 
the integral of the magnetic vector-potential along the i t h  
segment divided by the loop current I [5], 
(3) 
li 
The magnetic vector-potential used in this definition is 
the total magnetic vector-potential. The partial induc- 
tance of the i th segment is therefore independent of con- 
ductors orthogonal to the ith segment. The independence 
results because the magnetic vector-potential is oriented 
parallel to the current density. Consequently, Aj . dli = 0 
if the j t h  and i th segments are orthogonal to each other. 
In addition to its generality, an advantage to Ruehli’s for- 
mulation is that the resulting equivalent circuit model in- 
corporates the mutual interactions among elements. Par- 
tial inductances are used to  decompose the voltage drop 
associated with conductors in a loop that results from 
magnetic field storage. The partial inductance can be 
used to find the potential difference that results along 
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Figure 1. Schematic drawing showing the physics 
of a current-driven noise-source mechanism. 
the conductors of the loop due to energy storage in the 
magnetic-field, which is useful for signal integrity mod- 
els. However, the voltage drop modeled using the partial 
inductance concept is not necessarily the effective source 
that drives an EM1 antenna. Partial inductance does not, 
in general, model the magnetic flux that may couple EM1 
antennas, because the magnetic vector potential is inte- 
grated only over the signal conductor. Partial-inductance 
theory can be used to approximate branch inductances. 
Branch inductance approximations may then be used to 
predict EMI. 
B. Branch Inductance 
Current-driven noise source-mechanisms in print.ed cir- 
cuit designs are a consequence of high-frequency currents 
returning through reference structures of finite impedance 
[7], [8]. Flux wraps conductors of finite extent (transverse 
to current flow) and can lead to common-mode current on 
EM1 antennas. Magnetic flux, or the storage of magnetic 
energy can be modeled schematically as an inductance. 
The resulting voltage drop can drive two portions of an 
extended conductor against each other as an EM1 an- 
tenna. The EM1 noise-source for a current-driven mech- 
anism may be defined as VCM M LCM ~ I D M  as shown in 
Figure 1, where LCM denotes the part of the total induc- 
tance associated with the signal-return conductor. The 
contribution of the vertical conductors to the total induc- 
tance is omitted. For EM1 prediction, the inductance is 
decomposed into branch inductances, instead of partial 
inductances, therefore LCM = L ~ ~ n ~ ~  in Figure 1. 
Partial inductance is related to the voltage drop along 
conductors, which is useful for evaluating signal circuitry, 
but is not, in general, adequate for predicting EMI, be- 
cause the partial inductance does not model all the mag- 
netic flux that may couple to an EM1 antenna. The def- 
inition for the branch inductance of the i th  segment of 
a conducting loop, is the net flux that mutually couples 
the conducting loop, and an open loop of which the ith 
segment is part of the open loop boundary, divided by 
the current in the i t h  segment, i.e., 
net flux coupling open loop 
amplitude of curent  
in Segment a 
. (4) *a associated with Segment2 I Liranch = - = 
The open loops must be chosen such that the sum of the 
branch inductances is equal to the total inductance. De- 
composing loop inductance into branch inductances as- 
signs values based on how much magnetic flux couples 
regions external to the conducting loop. 




Figure 2. Simple wire loop showing magnetic flux 
in Figure 2. The magnetic flux-lines depicted in Figure 2 
have been distorted to aid discussion. The partial induc- 
tance of one of the vertical wires may be determined by 
integrating the magnetic vector-potential along the length 
of a vertical wire, and dividing by the current I [SI. The 
area external to the conducting loop can be divided into 
multiple regions, as shown in Figure 2 by the dotted lines 
C1, C2, C3, and C4. The open loop associated with the 
left vertical wire may be defined by the paths C3, the left 
vertical wire, and C1. The branch inductance of the left 
vertical wire segment may then be calculated by integrat- 
ing the total magnetic vector-potential along those three 
paths, and dividing by the current I .  The branch in- 
ductance of the remaining wire segments can be similarly 
calculated. 
Magnetic flux-lines are closed, therefore, the total mag- 
netic flux penetrating the conducting loop must equal the 
total magnetic flux passing through the plane outside the 
conducting loop. Therefore, the sum of the branch induc- 
tances is equal to the total loop inductance. If the paths 
C1 through C4 are chosen such that the integration of 
the magnetic vector-potential is equal to zero along those 
paths, the branch inductance and the partial inductance 
are the same. Judiciously choosing the divisions of the 
area external to the conducting loop can yield branch in- 
ductance values that are useful for predicting EMI. 
A parallel-plate example is illustrated in Figure 3. The 
parallel-plate example is used to demonstrate the suitabil- 
ity of the branch inductance for calculating the EM1 noise 
source analytically and experimentally (see Section III- 
B). Two large plates (infinite in the x - y plane for all 
practical purposes) are connected by two thin wires of 
length h. The partial inductance of the vertical wires 
in Fig. 3 is the same as the partial inductance of the 
vertical wires in Fig. 2. By the definition of partial in- 
ductance, changing the horizontal conductors to plates 
does not affect the partial inductance of the vertical con- 
ductors, because the plates are orthogonal to the vertical 
wires. However, the partial inductance of the horizon- 
tal plates is different from the horizontal wires for the 
configuration illustrated in Figure 3. 
The partial inductance of the vertical conductors may be 




Figure 3. Two large parallel plates connected 
by two wires. Magnetic flux lines are shown 
wrapping the vertical wires. 
such as Grover [3]. The partial inductance of the hori- 
zontal plate between the vertical wires may be calculated 
I agnetic flux-line 
h 
I e 
using-Eq. 3, which yields 
vert ical  w i res  - 
Lpar t ia l  27r 
/ -\ 
+JZ) 
where the separation between the wires and plates is as- 
sumed much greater than the wire radius. The total in- 
ductance of the conducting loop in Figure 3 is then, 
The example shown in Figure 3 can also be treated us- 
ing image theory. The wires connecting two conducting 
plates can be equivalently modeled as two infinitely long 
wires for calculating the fields between the two plates. 
The solution for the magnetic-field distribution between 
the plates for the image problem is the same as the solu- 
tion for the non-image problem. The resulting expression 
for the loop inductance using image theory is the same 
as Eq. 7. However, the development using image theory 
shows more intuitively that no magnetic flux wraps the 
plates, because the magnetic vector-potential that results 
from image_theory is oriented completely in i direction. 
Therefore, A.? dx equals zero. Dividing the region exter- 
nal to the signal loop by the infinite plates and the vertical 
wires, the branch inductance of the plates is zero, and the 
branch inductance of each of the wires is half of the total 
inductance, by symmetry, i.e., 
The branch inductances of the wires and plates are, there- 
fore, generally different from the partial inductances. 
However, as required by definition, the sum of all par- 
tial inductances comprising a loop equals the sum of all 
branch inductances comprising a loop, which is the total 
loop inductance, 
I 3 
The method for calculating and assigning partial induc- 
tances is very rigorous, however, some choices must be 
made when assigning branch inductances. Branch induc- 
tance calculations are useful for considering an EM1 an- 
tenna and source geometry. The branch inductance of 
interest is associated with the conductor around which 
magnetic flux couples to the EM1 antenna. 
Partial inductance theory may be used to approximate 
branch inductance. For example, in Figure 3 the branch 
inductance of the right vertical wire could be computed 
with partial inductances, given the partial inductance of 
the top and bottom plates to the right of the loop are 
m 
The branch inductance of the right vertical wire in Fig- 
ure 3 is 
right  vertrcal W I P E  - m P 2  vertrcal w i re  
'branch - L p a r t r a l +  Lpar t ta l  + Lpp,l,E1, 
(13) 
where Lgz:al, L;:;:","kf' w"'e, and L ~ ~ r ~ a l  are expressed 
in Eqs. 11, 5, and 12 ,  respectively. The branch induc- 
tance can be calculated exactly as above, because the 
geometry is assumed to go to infinity. For typical PCB 
geometries of interest, the partial inductance approach to 
branch inductance can only be used to approxzmate the 
branch inductance. Partial inductances are calculated by 
integrating the magnetic vector-potential along the rele- 
vant conductors. Summing partial inductances, therefore, 
does not model the total magnetic flux to infinity that 
wraps conductors, as discussed previously in this section. 
111. COMPARATIVE INVESTIGATIONS 
Two experiments were conducted to demonstrate how 
branch inductance may be used to calculate effective EM1 
noise sources, when partial inductance may be inade- 
quate. Measuring a partial or branch inductance directly 
is difficult. However, common-mode current can be di- 
rectly related to the EM1 noise source and can be mea- 
sured with minimal disturbance to the DUT. A stacked- 
card configuration was investigated to demonstrate the 
difficulties of predicting EM1 with partial inductances. A 
parallel-plate model was investigated to demonstrate how 
branch inductances, as opposed to partial inductances, 
may be used to predict EMI. The experimental models 
were constructed in a manner that permitted the mea- 
surement of common-mode current on a semi-rigid coax- 
ial cable attached to the model. The common-mode cur- 
rent was measured using a clamp-on current probe and 
an HP8753D Network Analyzer. The measured common- 
mode current was directly proportional to ISzll. For a 
complete description of the measurement procedure, the 
reader is referred to [8], [9]. 
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+ d F  reference plane 
(b) 
Figure 4. Stacked-card model (without traces) 
for investigating the common-mode cur- 
rent predicted by  the partial- and branch- 
inductances. (a) Experimental  model and 
(b) low-frequency equivalent circuit (cross- 
sectional view). 
A .  Stacked-Card PCB Model 
Stacked-card and modules-on-backplane printed circuit- 
board geometries are advantageous for conserving real- 
estate in many designs. Unfortunately, at high frequen- 
cies, EM1 resulting from the finite impedance of the signal 
return may develop a t  the connector. This effective noise 
source may drive the daughter-card against the mother- 
board and attached cables, resulting in common-mode 
radiation. A stacked-card model is shown in Figure 4(a). 
-4 model neglecting the trace geometry on the mother- 
board and daughter-card is desirable to investigate the 
role of the bus connector as an EM1 noise source, assum- 
ing the trace geometry has little impact on the resulting 
EM1 191. 
Port 1 was located between the mother-board and the sig- 
nal conductor in the connector. The signal conductor was 
terminated directly to the daughter-card. The reference 
planes were constructed of single-sided electro-deposited 
copper on an FR4 dielectric substrate. The cable extend- 
ing from the mother-board was 0.085" semi-rigid coaxial 
cable. The cable was connected to the bottom of the 
mother-board and penetrated the mother-board at the 
signal conductor of the connector. The shield of the coax- 
ial cable was soldered to the mother-board with a 360" 
connection. The center conductor of the coaxial cable 
was extended through the mother-board and connected 
to the daughter-card. A 24 AWG wire was used as the 
signal-return conductor a distance d from the signal con- 
ductor. The signal and return wires were located sym- 
metrically with respect to the width of the daughter-card. 
The signal-return wire was soldered to the daughter-card 
and the mother-board reference-planes. The signal-input 






Figure 5 .  Results for the measured IS211 differ- 
ences €or d = 1 cm & d = 2 cm, d = 1 cm & 
d = 3 cm, and d = 1 cm & d = 5 cm for the 
stacked-card model. 
analyzer through the aluminum plate as shown in Fig- 
ure 4(a), and the common-mode current on the coaxial ca- 
ble was measured. Swept-frequency measurements were 
made between 10 MHz and 100 MHz. 
An equivalent circuit for the connector region of the 
stacked-card model is proposed in Figure 4(b). The EM1 
antenna impedance Zanr is shown as a capacitor, which 
is a low-frequency model. The inductance of the signal 
loop in Figure 4 is decomposed into general inductances. 
The values of the decomposed inductances are dependent 
on the method of decomposition. A more thorough treat- 
ment of the stacked-card configuration may be found in 
(S21( was measured for the model shown in Figure 4(a) 
for signal return separations of d = 1 cm, 2 cm, 5 cm, 
and 10 cm. The partial inductance of the signal-return 
conductor with a signal return separation d was approx- 
imated using Eq. 5 .  The change in Lr;bf:P,,,(d) with re- 
spect to LpWaf;:,al(l cm) is compared to the average change 
in (S21(d)( with respect to (&(1 cm)(. The results are 
tabulated in Table I, and are shown graphically in Fig- 
ure 5 .  The changes in partial inductance are not consis- 
tent with the changes in ISzlI. The partial-inductance 
results do not agree well with the measurements, be- 
cause the partial-inductance of the signal-return conduc- 
tor does not account for where magnetic flux lines close. 
The magnetic flux is more likely to wrap small diameter 
wires, than large conducting plates. Therefore, the ma- 
jority of the magnetic flux lines wraps the wires. The 
magnetic flux is approximately equally distributed be- 
tween the signal and return conductors, because of the 
symmetry of the connector. The branch inductance of 
the signal-return conductor may then be defined as all 
the magnetic 0ux that wraps the signal-return conduc- 
tor. A closed-form expression for the branch inductance 
of the signal-return conductor is not available, because of 
the complicated current distribution on the daughter-card 
and mother-board. However, the branch inductances of 
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Figure 6. Parallel-plate model for investigating 
t h e  common-mode current  predicted by the 
partial-and branch-inductances. (a) Experi- 
mental  model a n d  (b) low-frequency equiv- 
alent circuit (cross-sectional view). 
assuming that the branch inductance of the wires is one 
half of the total loop inductance. The branch inductance 
was calculated as half of the total loop inductance, which 
was measured with an HP 4291A Impedance/Material 
Analyzer (1 MHz - 1.8 GHz). The change in common- 
mode current predicted using branch inductance agrees 
well, in general, with the measured change. The peaks 
and valleys shown in Figure 5 result from slight shifts in 
the measurement parasitics when the connector geometry 
was changed. However, the differences between the exper- 
imental results shown in Figure 5 are consistent over the 
measured frequencies. For example, IS21 (5)l/lS21(1)1 ap- 
pears approximately 2 dB greater than ~ S 2 1 ( 2 ) ~ / ~ S 2 1 ( 1 ) ~  
over the measured bandwidth. 
B. Parallel- Plate Model 
An analytical expression for the branch inductance of the 
stacked-card geometry is not easily derived. However, an 
analytical expression was developed for the branch induc- 
tance of a vertical wire between two large plates [9]. A 
schematic representation of a parallel-plate configuration 
is shown in Figure 6(a). The plates of the model are nec- 
essarily fmite, but large enough that the the magnetic 
field distribution between the plates is approximately the 
same as for the infinite plate case. The plates were con- 
structed of RT-Duroid single-sided copper-clad boards. 
The vertical wires were 24 AWG wire. A 0.085'' semi- 
rigid coaxial cable was used to excite the differential-mode 
loop, and to return common-mode current for measure- 
ment. The coaxial cable extended 8 cm from the bot- 
tom plane, and was parallel to the planes. The wire 
separation d varied from d = 1 cm, 5 cm, and d = 10 
cm. The location of Port 1 was shifted for each separa- 
tion d t o  maintain symmetry with respect to plate edges, 
and limit possible artifacts resulting from the proximity 
of the plate edge. A low-frequency equivalent circuit- 
model is shown in Figure 6(b). The equivalent circuit 
shown in Figure 6(b) shows a current-driven noise source- 
mechanism that results in a potential difference between 
the top and bottom plates. The EM1 antenna impedance 
Zant is shown as a capacitor, which is a low-frequency 
model. The loop inductance in Figure 6 is decomposed 
into general inductances. The value of the decomposed 
inductances is dependent on the method of decomposi- 
tion. The branch inductance of the two plates is zero as 
discussed in Section 11-B, although the partial inductance 
of the two plates is finite and non-zero. 
The common-mode current was measured via 1521 I mea- 
surements using the network analyzer. The increase in 
common-mode current is predictable with a common- 
mode inductance model, such as shown in the equivalent 
circuit diagram of Figure 1. The partial and branch in- 
ductances for a wire in the parallel-plate geometry were 
calculated using Eq. 5 and Eq. 9, respectively. The in- 
crease in common-mode current predicted by the two de- 
composed inductance models was compared to the in- 
crease in ISzll. The results are tabulated in Table 11, 
and are shown graphically in Figure 7. The measured 
results show fair agreement with the change in common- 
mode current predicted using branch inductances. The 
valleys and peaks in Figure 7 result from small changes 
to the measurement system when the wire separation was 
changed. The ratio of the common-mode current with 
d =5 cm to d = 10 cm shows the same valleys and peaks 
with an average difference of 1.1 dB. The valleys and 
peaks may be discerned in the IS211 plots, as well. The 
change in common-mode current predicted using partial 
inductance does not agree well with the measurements. 
The partial-inductance theory does not model the mag- 
netic flux that couples the EM1 antenna, because the par- 
tial inductance is calculated by integrating the magnetic 
vector-potential over a finite length. Consequently, the 
partial inductance of the vertical wires can not be used to 
accurately predict the level of the common-mode voltage- 
source for the geometry shown in Figure 6. 
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TABLE I1 
CALCULATED PARTIAL INDUCTANCE AND BRANCH INDUCTANCE RESULTS FOR d = I C m ,  5 Cm. AND 10 C m  FOR THE PARALLEL-PLATE 
CONFIGURATION. THE CHANGE Ih’ PARTIAL AND BRANCH INDUCTANCE WITH RESPECT TO L$z:,at(l C m ) ,  AND Ly:i:c,(l C m ) ,  RESPECTIVELY, IS 
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Figure 7. Resul t s  for the measured IS211 differ- 
ences for d = 5 cm & d = 1 cm, and d = 10 cm 
& d = 1 cm for the parallel-plate model. 
IV. SUMMARY 
Equivalent circuit models are useful tools for understand- 
ing and predicting EMI. The concept of branch induc- 
tance was presented and studied herein as a means for 
decomposing loop inductance. Branch inductance models 
the magnetic flux coupling the differential-mode loop and 
an open region adjacent to the loop. Consequently, the 
magnetic flux coupling to EM1 antennas is incorporated 
in the signal circuit-model and the level of common-mode 
noise-voltage can be predicted. The open region neces- 
sary for computing the branch inductance is arbitrary, 
however, and the user must judiciously choose the region 
to model the magnetic flux that can excite the EM1 an- 
tenna. Partial-inductance theory was reviewed and found 
to be unsuitable for predicting common-mode noise, al- 
though it is accepted as a powerful tool for analyzing 
signal integrity issues. The loop comprising the EM1 an- 
tenna is generally an open loop. Therefore, the partial- 
inductance values associated with the EM1 antenna are 
not sufficient for determining the total magnetic flux that 
is mutually coupling the signal circuit and the EM1 an- 
tenna. A complete PEEC (full-wave) model could, how- 
ever, be used to investigate EMI. A stacked-card con- 
figuration and a simple parallel-plate configuration were 
analyzed to contrast the resulting common-mode current 
predicted by partial-and branch-inductances. The pre- 
dicted levels were compared to measured results. The 
branch-inductance method for decomposing loop induc- 
tances was found to predict the changes in common-mode 
current reasonably well. 
The authors are very grateful to A1 Ruehli for his helpful 
correspondence. 
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